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' Abstract 

We pursue the question of multi-magnon dynamics, focusing on the simplest case of magnons mov- 
ing on R X S'^ and working at the semiclassical level. Through a Pohlmeyer reduction, the problem 
■ reduces to another well known integrable field theory, the sine-Gordon model, which can be exactly 

described through an N-body model of Calogero type. The two theories coincide at the level of equa- 
tions of motion, but physical quantities like the energies (of magnons and solitons) and the associated 
phase shifts are different. We start from the equivalence of the two systems at the level of equations 
of motion and require that the new (string theory) model reproduces the correct magnon energies and 
the phase shift, both of which differ from the soliton case. From the comparison of energies we suggest 
a Hamiltonian, and from requiring the correct phase shift we are led to a nontrivial Poisson structure 
Oh' representing the magnons. 
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1 Introduction 



^ . Recent progress in understanding the Gauge/String duality in = 4 Super Yang-Mills theory resulted 

(yQ ' in complete specification of the worldsheet S-matrix and the associated spectrum [1-13]. The conjectured 

, exact result received impressive confirmation in both weak coupling Yang-Mills theory calculations and 

' also semiclassical string theory calculations at strong coupling [14-23]. These successes were accomplished 

due to the integrability property characterizing the string dynamics and present in Yang-Mills theory 
' through its spin-chain representation [1,24-28]. At the spectrum level there is a complete classification 

of states in terms of magnon excitations. Their dispersion formula is again known from both weak and 
strong coupling studies [29,30]. 

Even though all orders results have been accomplished, further study of the models and of their 
integrability structures is still desirable. For instance the spin chain Hamiltonian is reliably known only 
from weak coupling calculations, its comparison (and agreement) with the string theory Hamiltonian is 
^ ' to some degree purely accidental. In this work we will pursue the question of multi-magnon dynamics. 

Magnons scatter from each other with known computable phase shifts [3,20,31-36] and it is of relevance 
to determine their interactions. We will do that in the simplest case of magnons moving on M x 5^ working 
at the the semiclassical level. The equations of motion in this case (in a timelike-conformal gauge) coincide 
with those of the O (3) nonlinear sigma model. Multi-magnon solutions have been constructed in these case 
using several different techniques, involving the dressing and the inverse scattering methods [31,37-40]. 

One particular approach (Pohlmeyer reduction method) reduces the problem at the equation of motion 
level to a well known integrable field theory, the sine-Gordon model [41]. In this reduction the role of 
magnons is played by sine-Gordon solitons. Much is known about inter-soliton dynamics in the sine- 
Gordon theory [42]. In particular it can be exactly described through an N-body model generalizing the 
Calogero-Moser model [43,44]. The relativistic Ruijsenaars-Schneider model [45] is completely integrable, 
it summarizes the N-soliton (and anti-soliton) dynamics for a given coupling and can be directly deduced 
from sine-Gordon theory itself [46] . In turn it can be used as a full dynamical theory, even at the quantum 
level [47]. It is our goal to establish a related dynamical description for string theory magnons. 

The connection between string dynamics and sine-Gordon theory, is known to be highly nontrivial. 
The two theories coincide at the level of equations of motion, but that is where the comparison stops [30] . 
Physical quantities like the energies (of magnons and solitons) and the associated phase shifts are different 
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and it is our intention to clarify somewhat this nontrivial relationship. The nontrivial dynamical connection 
between the two systems can be traced back to a (nonabelian) dual description of sigma models and the 
fact that it is in the dual formulation that the connection can be described in canonical terms. This was 
established in several works by Mikhailov [48-50] and remains to be pursued at the quantum level. 

For the question of formulating the dynamical system describing multi-magnon dynamics we start 
from the fact that at the level of equations of motion it coincides with the soliton or rather the N-body RS 
model. We then require a further fact, namely that the string theory model ought to reproduce the correct 
magnon energies and the phase shifts, both of which differ from the soliton case. From the comparison of 
energies we suggest a Hamiltonian, as the n = —1 member of the infinite Hamiltonian sequence [51-53]. 
Requiring the correct phase shift we are led to a nontrivial Poisson structure representing the N- magnon 
dynamics. 

The content of the paper is as follows. In Section [2] we give a summary of various classical magnon 
results in Rx 5^ and comparison with sine-Gordon solitons. In Section[3]we review the integrable dynamics 
of solitons in terms of the N-particle R-S description. In Section|4]we consider the analogous representation 
for magnons. From comparison of energy eigenvalues we are led to an N-body Hamiltonian given by the 
inverse of the lax matrix of the RS model. Elaborating on the phase shift we are led to suggest a need 
for an alternative symplectic form. This symplectic form is explicitly given in the limit of well separated 
magnons in Section [S] Section [S] is reserved for the conclusions. 



2 Semiclassical Giant Magnons in R x 5"^ 

String dynamics in the AdS^ x space-time can be described by the ct— model action 

S=^ fdTdx{ Tj'^'daY^dbY^ + ai (F^ + 1) + Tj-^daX'dbX, + a2 {X^ - 1) 
^TT J V ^ y s ^ 

where one embeds both the sphere as the AdS space in with the respective constraints. This action 
has a symmetry under su(2,2) x so (6). To consider magnons moving on the sphere one restricts the 
space-time to M x 5^, with R being one of the time directions of the AdS^, space, the respective charges 
are the generators of rotations in 



Jii = — — / dx I XiJ*[j — XjXi 



and the generator of time translations 



2^ io 



One considers the limit when the angular momentum J = J12 in the direction ip = (12) of is very 
large, and look at states with A — J finite. The momentum of the excitation p is also kept fixed. 

In this limit, we find that the string ground state has A — J = 0, which consists of a point-particle 
with a light-like trajectory along the direction tp, time coordinate Y'^ = t obeying ip — t — constant, and 
sitting at the origin of the spatial directions of AdS^ . 

To find excitations above this ground state one looks at solutions rotating in the Zi = X^ + iX'^ plane. 
The remaining four directions of the embedding space we call X, and Y^ = t is the time co-ordinate 
(ultimately from AdS). So the motion is all in the time direction of AdS space, and on the subspace 
5*^ C S*^: M X S"^. By choosing a time-like t = t, conformal gauge (the induced metric is proportional to 
the standard metric, daX^dbX'^rjp^i, cx rjab) we are looking for solutions that solve the Virasoro constraints 

(drX^y + {d^x f = 1, drX'd^X' - 0, 

and obey the conformal equations of motion 

{-dl + dl) X' + X' {-{drX'f + {d^X'f) = 0. 
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Solving the equations Hofman and Maldacena [30] found the Giant Magnon solution: 



Zx = e" (c + i Vl - c2 tanh 



X — n\/ 1 — c^sechu, 
where c = cos(p/2) is the worldsheet velocity, and (u, v) are boosted worldsheet co-ordinates 

u — 7(2; — cr), 

1 1 

V = 7(r — cxj, with 7 



sin(p/2) ■ 

This is a rigidly rotating string along the equator of 5"^, with cusps touching this equator and moving at 
the speed of light. 

In the conformal, time-light gauge we started from, the relevant charges can be written as 
\f\ f 

A = dx 1 time-translations, 

2tt J 

\/A f — 

J — / dx Ini [ZidtZij angular momentum in Zi plane, 

27r J 

1 /" d 

p=— dx—\nZi worldsheet momentum. 

i J dx 

For the case of the Giant Magnon, A and J are infinite, with 

E„,ag = A - J — sin(p/2). (1) 

TT 

It is well-known that the theory of classical strings moving on E x is related to the sine-Gordon 
model at the level of the equations of motion. For a conformal gauge solution with F° = t, one has the 
Pohlmeyer [41] identification of a scalar field Q;(a::,t)as 

cos a = -drX'drX' + d^X'd^X' 

obeying the sine-Gordon equation 

—drdrOi + dxdxOi = sin a . 

The point particle is mapped to the vacuum a = 0, with zero energy, while the giant magnon is mapped 
to the simple kink [30] 



a = 4arctan(e-'^("^-=^) 



whose energy is [9 is the asymptotic rapidity of the sine-Gordon soliton) 

<^s.g = 7 = . / = coshe . (2) 
sm(p/2) 

The comparison between sine-Gordon model and the classical string theory solutions was seen also for 
another type of "dual" solutions called single spike solutions (see for example [36,54,55]). 

But the direct connection between these two theories holds only at the level of equations of motion, 
and it is non-trivial at the canonical level. Several physical properties are different, in particular the 
energies and the semiclassical phase shifts. In fact the energies shown above in ([1]) and ([2]) exibit an 
inverse relationship 
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This relation can bo generalized further for the scattering solution of two niagnons. The two-magnon 
scattering state, obtained via dressing method [39] can can be mapped through Pohlmeyer's reduction to 
the scattering solutions of two solitons, whose scattering solution can found in [42]. It can be seen that 
the energy of the two-magnon scattering solution is related to the energy of each of the solitons in the 
following way 

1 1 

■E'2-mag — 1 • 

Es.g,! ^s.g,2 

The scattering phase for two magnons is calculated in a very similar way to the scattering of two sine- 
Gordon sohtons [56,57]. See also [42] for a review on the classical and semiclassical behavior of sine-Gordon 
solitons. This is not surprising due to the equivalence of the two classical models through Pohmeyer's 
map [41] (sec also [48,50]). The time-delay and phase shift of scattering of magnons was also studied 
through Bethe Ansatz techniques [20,3,31,33,35]. 

Since the string and the sine-Gordon equations share a common time t, it obviously follows that the 
time-delay of scattering of giant magnons (on the string worldsheet) and the time delay for the analogous 
scattering problem of solitons (in sine-Gordon theory) is the same 

2 

Atsg = Atmag = r-T"^ Intanh^ = At, 

rnsmh^ 

It does not mean however that the scattering phase shifts of the two problems are the same. In fact they 

differ, due to the difference in energies stated above. One has the well known relation, where the derivative 
of the phase shift with respect to energy equals the time delay, in the present case : 

7)7^ = At = j—^ => 5sg + 5mag- 

This will imply that a different interaction is responsible for the behaviour in the two cases. 

3 Review of sine-Gordon Dynamics 

The dynamics of sine-Gordon solitons can be summarized by a relativistic TV— body model due to Ruijse- 
naars and Schneider. These class of models [45,47] represent a relativistic generalization of the Calogero- 
Moser models [44,43]. The relation between the field theoretic system of sine-Gordon solitons and the 
Lax matrix formulation of the Ruijsenaars-Schneider model was also thoroughly discussed in [46]. In this 
section we will review some of the aspects of this relation and give a summary of the needed notation. 
For more details and derivations the reader is directed to the original references. 

For establishing the N-body description of soliton dynamics one starts with the 7V-soliton solution, 
written as: 

^ det(l + ^) 
det {I- A)' 

where A\s a, N x N matrix with components 



Aij — 2 -—^UXiXj. 

The Hi are the rapidities, and the Xi = aie^(^*^+ are related to the positions of the soliton through 
the tti. Here we use light-cone coordinates z± = x±t, and d± = ^ {dx ± ^t)- Note that for a soliton or anti- 
soliton, /i is real and a pure imaginary. The breather solution corresponds to a pair of complex conjugated 
rapidities (/x,/!) and positions (a, —a). 
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The sine-Gordon equation can be described by a Hamiltonian system with the canonical symplectic 
form (tt is the conjugate momentum to the s.G field (f) 



^Isg = J TT A d(j). 

This, by direct substitution can be used to deduce the symplectic form of the soliton variables (a,,/U,), 
which can be seen to reduce to the usual symplectic form after a change of variables. 

Considering the evolution of the system in terms of the null plane time z+ = r one has 

where - the matrix of rapidities, Xi = aiC^''^ are the soliton coordinates. The matrix 

(coordinate) 

is then used to reconstruct the Lax matrix of the N-body system. Through diagonalization one has: 

Q = U-^AU, 
L = U^^^iU. 

where Q = diag((5i, • • • , Qn) arc the eigenvalues of A. The A^-soliton solution is then written as e"**^ = 
Y[i=i i-Q^- ? ^^"i the matrix L is the Lax operator, as its time evolution is given by a (Lax) equation 

L=^ = [M,L], M = UU-\ 

UT 

Consequently, the quantities Hn = Tr (L") = J2f=i l^f conserved through the evolution of solitons. 

Finally, if we define p, = Qi/Qi, and perform the change of variables {ni,ai) — > {Qi,Pi), which is a 
symplectic transformation, we find the Lax matrix to have the same form as the original A: 



The Poisson brackets of these two variables Q^, pi are not canonical, so it is convenient to introduce a 
new set of variables di conjugated to the variables qi, given by 

Qk - Qi 

In these new variables, the original symplectic form J n A d(j) is simply given by the usual / 9idqi, which 
corresponds to the canonical Poisson brackets. Prom the sequence of conserved quantities, or Hamiltonians, 
Hn = Tr (L") we arc interested in particular in the H±i, which are the generators of the evolution in the 
light cone coordinates r = 2;+ and a = Z-. These are given by 



coth 



9i - <]k 



The full Hamiltonian is given hy H = ^ {H+i + i?-i) = TiCj-s, where we define 

Crs = l{L + L-'). (4) 

This system corresponds to a particular case of the A^— particle relativistic Ruijsenaars-Schneider 
model [45]. The Lax matrix for the general case of RS model was constructed in [45]. This Lax matrix is 
defined by 

Lj = Vid.Vj, (5) 
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where 

> 1/2 

\k=it 

and Cij {q) is directly related to the choice of / (q). For a family of interaction potentials of the type given 
below 

1 /2 

/(r7)= [l + a/sinh2(^)] , ^, a G (0, oo) , (6) 

the components Cij are just given by Cij (g) = [cosh (^) + iasinh (^)] ^ , with (l + a^) ^ = a^. 
The model has an infinite set of commuting conserved charges 

Hn = Tr (L") , n e N, 

with the Hamiltonian (generator of time translations) and momentum (generator of space translations) 
given as [45] 

1 ^ 
H = - (Fi + ff_i) = mc^ ^ cosh 0, []/(gfc-g, ), (7) 

1 ^ 

P - -iH^-H^^) = mcJ2smhe,l[fiqk-q,). (8) 

where qi are the positions of the solitons and 9i the conjugate rapidities. The interaction between solitons 
is given by the even function / (g^ — qj), reducing to / = 1 in the free theory. The RS model is relativistic, 
as the generators {B is the generator for Boosts) 

obey the two-dimensional Poincare algebra: 

{Hk^Vkj^O, {nk,B}^Vk, {Vk,B}^nk. (9) 

Next let us discuss the question of the time delay (and phase shift) in the particle picture. Considering 
the two particle case, one goes to the center-of-mass frame, as in [45]: 

s = gi+g2 , = i (6*1 + 6*2) , 

g = gi-g2 , e=^{9i-d2), (10) 
The Lax matrix ([5]) and its inverse are then given by 

where Cy is a 2 x 2 matrix with entries Cn = C22 = 1, and C12 = C21 — [cosh (^q) + iasinh (§g)] ^ ■ 
Now it is simple to check that the Hamiltonian ([7]) becomes 

H = 2 cosh cosh 61 /(g) = (cosh 6*1 + cosh 6*2) / (g) . (11) 

The momentum given by ([5]) also becomes: 

P = 2 sinh </j cosh 9f{q) = (sinh 6*1 + sinh 62) f (g) . (12) 
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One comment should be made with respect to the interaction potential / (g) = [l + a/ sinh^ (^)] 
Going back to ^ one can see that for a = 1 it reduces to the particular case of a repulsive soliton-soliton 
interaction in the sine-Gordon model, fr (?) = |coth (|) |. An extension of the interaction potential to a = 
— 1 leads to the attractive case of soliton-anti-soliton interaction of sine-Gordon, where fa (q) = |tanh (^) | . 

With the Hamiltonian (jlip and choosing certain interacting potentials / one can fully recover the 
properties of the sine-Gordon soliton- (anti)soliton scattering, such as time delay and phase shift. From 
(fT2|l it is easy to see that the center of mass P — corresponds to (p = 0. Then the center-of-mass 
Hamiltonian for two particles is: 

Hen = coahef{q) . 

Now we have the relation: 

Because Hem is a constant of motion, so is the quantity e = H^ — 1. Evaluating e asymptotically, when 
a; ^ oo, we obtain e = sinh^ 9, where 9 is the asymptotic center-of-mass rapidity. The time delay is then 
determined by the time taken along a trajectory from —q to q, as \q\ — > oo. For the repulsive soliton-soliton 
case fr, we get 



V^-csch^d) 



'^'^ cosh ^ { J — — cosh 



(I) 



' In f tanh 9 



2 cosh 



rj+T q^oo sinh6' sinh6' 



The first term is the time for each of the solitons to go from —q to q if if it was free (no interaction). The 
second term is in fact the time delay due to having a repulsive interaction, and correctly reproduces the 
time delay for a soliton-soliton scattering in sine-Gordon theory, obtained through field theoretic methods. 



4 An ansatz for the dynamics of a two-magnon system 

Our aim is to describes the N-magnon dynamics in Hamiltonian terms. The appropriate dynamical system 
ought to be such that it reproduces the classical equations of motions, its energy, momentum and finally 
phase shift in agreement with the known magnon results [30] . We will begin by focusing on the two-magnon 
interactions. 

We know that the sine-Gordon and the magnons have the same classical equations of motion, and as 
such the time delay for both systems agrees 

Aim {Era) — ^tgg (e.sn) I 

but with different energies. This implies different Hamiltonians for the two systems. With the semiclassical 
phase shift obeying ^^§^ — one can try to deduce the (Hamiltonian) dynamics directly from the phase 
shift itself. 

For the sine-Gordon system the center-of-mass Hamiltonian is Hgg = cosh 9 f (q) — e^g, the equation 

of motion for the relative position q gives q — \J e^g — f (g)^, and the time delay in terms of the energy is 
simply given by 



:2 
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and the scattering phase shift of two sine-Gordon solitons is just given by 5sg (e) = J deAtsg, while for 
the two-magnons 

SmiEm)^ [ dE,n Atsg iesg)\^ = / dEmEm [ . (13) 

J J J f (g) 2 _ 

In order to determine which Hamiltonian Hem = Em produces this phase shift we first perform a 



change of variables, introducing a new coordinate Q through dQ = j^. Also define F (Q) = 



f{q(Q}}- 
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The interaction then follows (soliton-soliton interaction): for f(g) = cothg we find q = cosh ^ (e*^) and 
F (Q) = Vl-e-2y. 

This means that the limit of relative position q ^ oo corresponds to the new relative position doing 
the same Q oo. Also in this limit, we have f (q) ,F (Q) 1 (the free theory limit). 
After this change of variables, we rewrite the phase shift as 



Q 

and want to find the center-of-mass Hamiltonian Hem = E„i such that 



cm 



where a is the new relative rapidity, i.e. the conjugate variable to Q. The differential equation above can 
be solved to give 

Hem \ a 



F J F 

This result is only valid for a < 0. Squaring this result, we can solve for Hem, and find 



Hem = ^1-0?- e-2Q. (15) 

This two-body magnon Hamiltonian appears to be of relativistic (Toda) type. It faithfully reproduces 
the magnon scattering phase shift. But it is not directly recognizable as a known integrable system. 
Furthermore it is not obvious how to extend it to the N-body case. First one would need to find a 
two-body Hamiltonian that reduces to H^m in the center-of-mass. In the limit Q ^ oo we have that 

H = e\+E-2=s.m.— + sm 

where £12 = sin 2^ are the energies of each magnon in the free theory. For only one magnon the 
Hamiltonian would be given by = \/\ ~ o? = sin | , which means that the relation between the rapidity 
a < and the momentum p is a = — cos | = cos(7r -h f ). These results will hold in the free theory limit 
for each magnon. Then a good ansatz for the two-body Hamiltonian, which reproduces the correct result 
for the free limit, would be 



if2 = ^l-a?-e-2Q + ^l-a2-e-2Q, (16) 

with Q = Q\ — Q2, and the momentum of each magnon is given by ^ = arccos(aj) — tt. 

This construction is non-unique because we do not have the expression of the total momentum. As 
mentioned we also have no information on the integrability properties of this system, which is fulcral to 
generalise our results to the dynamics of A''-magnon solutions. For these reasons we now pursue a different 
strategy, based on employing the known integrable structure of the RS model, in particular its Lax matrix 
L. Together with the classical equivalence between sine-Gordon solitons and giant magnons there was 
evidence that the poles of the S-matrix of scattering magnons were related to a Calogero type system in 
the non-relativistic limit [12], thus making us believe that the dynamics of magnons are intimately related 
to the dynamics of solitons in the RS model. In fact one would hope to describe the dynamics of magnons 
through a Lax pair formulation whose Lax matrix would be directly related to the Lax matrix of the 
relativistic RS model. 

4.1 The A'^-magnon Hamiltonian 

With the motivation for using the RS integrable structure described above we now proceed to the con- 
struction of the associated magnon dynamical system. This will involve specifying both the hamiltonian 
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and the symplectic structure. As we have emphasized before, the energies of the sine-Gordon sohtons and 
the magnons are inverse of each other. This result leads us to the following ansatz for the A^-magnon 
Hamiltonian: 

i7„, - Tr [£-,1] , (17) 

where Crs is related to the Lax matrix of the RS model through (jl]) . We will now study this hamiltonian 
and consider the two-magnon interaction. 
Recall that from (g]) 



The RS Hamiltonian ^ is just the trace of the matrix above. This matrix has the following eigenvalues^ 



h± = \ cosh {ip + e) + cosh {ip-e)± J (cosh (ifi + O)- cosh {(p - 9))^ + A sinh^ [l - f {q)' 



Then the Hamiltonian for the 2-magnon problem (|17p will be just 

^ f^-i j^-i 1 2 cosh cosh (/5 

+ " ~ f {q) coah^ 9 + f {qy^ sinh^ (fi' 

Recall that if M is a diagonalizable matrix with A = diag (Ai, • • • , Xn) the diagonal matrix of eigen- 
values, then for a smooth function g (M) the trace of g (M), it will be given by 

JV 

Tr[5(M)]^Tr[5(A)] = ^g(A.). (18) 

i=l 

It is easy to check that in the free theory (/ (q) = 1) we have: 

f 1 1 

™ " cosh 01 + cosh 02 " 

which corresponds to the sum of the energy of the two magnons, as expected. 

To have an ansatz for the momentum of the A'^-body magnon problem, we first look at the momentum 
for the magnons. In [30] we have that for one magnon the relation between the momenta pm and the 
rapidity 9 is given by cosh0 = [sin ^] . But we know that for the sine-Gordon model the total 
momentum is P = '^iPi = '^iSaih.9i. Then a simple comparison allows us to conclude that the momenta 
for each magnon Pm^i is related to the momenta of each soliton pi by: 

sin(^)=^=^. (19) 
Thus, a good ansatz for the momenta of the magnon P,„ — Pm,i will be 



= 2Tr 



in{l^Vl,)-"' , (20) 



where we defined the momentum matrix for the RS model (whose trace gives the RS momenta given by 
([5])) to be Vrs = J — • By knowing the eigenvalues of this last matrix, we can determine P,„ by using 
the result (HH]): 

P„, = 2 V arcsin ( -j^= ) . (21) 



^ For a 2 X 2 matrix M = ( ^ ^ j , its eigenvalues are simply given by Aj- = ^-i^ it ^ \J {a — d)^ + 4bc. 
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The eigenvalues of Vrs are 

/('?) 



|sinh6'i + sinh6'2 ± ^ (sinh^i - sinh6'2)^ + 4cosh2 </j (l - / (g)"^) | . 



The magnon momentum will then be given by 

Pm P++P- 



In the hmit of the free theory /(g) 1, we find the expected relation P^^'^'^ = +P™) i-^- the 
magnon momentum is the sum of the momenta for each magnon. 

Note that because all integrals of motion H}. Poisson commute with each other, so will Hm and Pm'- 

{Hm, Pm} = 0. 

The center of mass condition is given by 

P„ = ^ sin ^ = ^ 6*1 + 6*2 = 0. 

In the center of mass, the Hamiltonian is simply 

1 2 

Hm = TTT (sech 9i + sech 6*2) = -r-rr sech 9, 
f (3) / (9) 

with / (q) the same as before. 

A check on our ansatz is determining the classical and semiclassical behaviors of our system, such as 
the time delay and phase shift for this two-body problem of scattering inagnons, and compare them to 
the known results [30]. 

We start from the center-of-mass Hamiltonian determined above, and determine the classical equations 
of motion and time delay. But to do so, we need to choose a Poisson structure. Let us assume that the 
Poisson structure is the symplectic one. Then the equation of motion for q is just 



q=^ = -Hm tanh^ = Hm^ 1 - {qf H^. 

The Hamiltonian is a conserved quantity, Hm = E and can be evaluated when q — > 00, giving E = sech^, 
where 9 is the asymptotic rapidity. We find the time delay in this case to be 

AT„= / $ =cosh'eATfls. 



But this time delay is not correct, nor does it reproduce the right phase shift. 

The phase shift is determined by WKB semiclassical methods to be given by the symplectic structure 
w (the inverse of the Poisson structure). In phase space variables {xi,Pi) we have: 
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(E) = J p.LOijdxj. (22) 



For the results in this section we have used a canonical Poisson brackets (the standard symplectic structure 
{pi,Xj} = Sij), so the phase shift is simply S (E) = J 9dq. By solving Hm = 7^^^'^'^^ ~ with respect 

to the rapidity, 9 = cosh"^ ' ^® '^^^ determine the semiclassical phase shift to be 



<{E) = j cosh-i (y^) dq. = I dEATm. 
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We find that even though our ansatz correctly reproduces the energies and momenta of the magnon 
system, it does not give the expected classical behaviour (time delay or equations of motion) nor the 
semiclassical phase shift. But in these calculations we have assumed the usual canonical Poisson brackets, 
which is equivalent to having a canonical symplectic form for q and p and which resulted in the usual form 
of the Hamilton- Jacobi equations, namely q — ^ and p — One can trace the difference in phase 

shifts to the different Poisson structures in the two cases. The semiclassical phase shift can be related to 
the symplectic form lu (the inverse of the Poisson structure) as follows : 

PiUJijdqj = J piUUijqjdt. 

For the trivial symplectic structure, uj = Id, and the phase shift has the usual form. But a non-trivial 
symplectic form is required for reproducing the correct phase shifts and for defining the full magnon 
N-body dynamics. This we will identify in the next section. 

5 Poisson Structure for the A^-Magnon Dynamics 

We have identified above the N-body Hamiltonian for magnons as one member of the RS hierarchy. We 
have also understood that a new modified Poisson (and symplectic) structure is needed in order to obtain 
both the correct equations of motion and the correct magnon phase shift. In the present section we will 
be able to specify the modified symplectic structure in an approximation of well separated magnons. This 
approximation which we take just for the purpose of simplifying the problem involves a limit of the RS 
model when the solitons are far away from each other, called the Toda lattice. The relativistic Toda lattice 
was introduced in [52] as a relativistic version of the regular Toda lattice [58-60] . In these models the study 
of master symmetries [61-63] and of recursion relations [64,65,53] led to the discovery of a sequence of 
Hamiltonian/Poisson structures that return the same classical equations of motion, result of the existence 
of a bi-Hamiltonian system [51]. 

As seen in [52] we obtain the simpler model of relativistic Toda Lattice from the original Ruijsenaars- 
Schneider model ^ by considering that the particles are very far from each other <C <7iEI This 
allows us to keep only the nearest neighbour interactions and these interactions become exponential 
/ (q) = ^1 + g'^ei. Note that we are studying the nonperiodic Toda lattice, for which qo = —oo and 
gjv+i = oo. 

The Hamiltonian for the relativistic Toda lattice is given by 

N 

i/-^e'^'F,(gi,...,(Zjv). (23) 

1=1 

But now the interaction potential is given by nearest neighbour interactions only 

Vi{qi,...,qN) ^ f {qi^i- qt) f {qz- qi+i) , i^l,...N. (24) 
Also, the symplectic form remains 

^^dq,A d0. 



N 

U> 

i=l 



This system is integrable and has a Lax matrix formulation, inherited from the RS model (up to some 
similarity transformation) [52,65,53,66,67]. To write the Lax matrix we introduce the following change 
of variables 

CI \ I ^ CI \' J -L,...,iV. 



In fact Ruijsenaars introduced the limit £ — > of the variables 

g| ~»<5rj -2iln£, i = l,---,Ar. 
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Note that ao = qn 



L 



0. The Lax matrix is then given by 



ai + bi 
a2 + b2 



0.2 



a2 



aN-i + bN-i ojv-i + bN-i 
bN bjsf 



ajV-l + bjy-l CLN-l 

bN bN 



The Hamihonian Hi {q,p) given in (|23p can be written in the new variables: 



N-l 



N 



hi = TtL = a, + bj 



i=l 



The equations of motion in the (q, 9) coordinates are given by 



1] 



dVk 
dqj 



(25) 



which can be obtained from the Hamiltonian 



by using the symplectic Poisson bracket Jq, defined 



6ij . In the (a, b) variables, the symplectic Poisson bracket Jq becomes a quadratic Poisson 



by {qi,Pj} 
bracket 7r2: 

{a^aj+i} = -a^a^+i , {a^,5J = a^bi , {ai,bi+i} = -a,j6j+i. (26) 

From this Poisson bracket and the Hamiltonian one obtains the equations of motion in the (a, b) 
coordinates 



«j (bj - bj+i + aj_i - flj+i) 



b-iiaj^i -aj). 



(27) 



The Toda lattice is an integrable model. It also has a bi-Hamiltonian structure, whose properties are 
summarized in Section [Xj In order to construct this bi-Hamiltonian structure one needs to identify two 
Hamiltonian functions /ii,/i2 and two compatible Poisson tensors 7ri,7r2 satisfying the same equations of 
motion, i.e. if V 



l^gp-, where a;* are our phase space coordinates, then 

7riVft-2 '^2^hi . 



dx 
'dt 



(28) 



We already have the Hamiltonian function hi = TrL (|25p . and the corresponding quadratic Poisson 
bracket 7T2 (PS]) such that H2^hi gives the equations of motion (|27p [65,53]. A compatible linear Poisson 
bracket tti was found in [68] such that 

{ai,bi\ = ai; {oi, fo^+i} = -a^ ; {b.,,b,+i} = , 

which together with the Hamiltonian /i2 = ^Tr (i^) also gives the equations of motion ([?7)) . These two 
pairs make a bi-Hamiltonian system with equations of motion given by (|28p . If we now construct the 
master symmetries that obey the properties shown in Section [X] [53, 67], it becomes possible to construct 
the hierarchy of Poisson brackets with the same equations of motionH 

■ ■ ■ — 7roV/i3 — 7riV/i2 — 7r2Vft.i — TrvV/i-i = • • • . 

Our final objective is to make an analogy with the system of N magnons. Recalling the RS Lax matrix 
sine-Gordon model corresponds to the Hamiltonian H cx Tr£j.s with the canonical Poisson 



•^The Hamiltonian function ho is singular, reason why that point is skipped from the sequence. can only be defined as 
a limit 



: lim -Tr{L=) -Tr(lnL). 



But to continue the sequence after this point, one can just do power counting, followed by a direct verification of the equations 
of motion. 
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brackets, while the system of magnons was conjecture to correspond its "inverse" Hm oc Tr£^/, with some 
other Poisson structm'e. In the Umit we are considering (relativistic Toda), we have 

Hsg ccTrCrs ^ hi ; i7,„ag oc Tr/:;"/ ^ 

So, having started from the Hamiltonian hi — TrL, with a quadratic Poisson bracket tt2, we want to find 
the Poisson bracket corresponding to — — Tr (L^^) that gives origin to the equations of motion ((27|l . 
i.e. 

■n2^hi = 7r,„V/i_i. 

To do so, we will restrict ourselves to = 2. 

For the N = 2 case, the Lax matrix reduces to 



L 



fli + hi ai 
62 62 



the Hamiltonian functions are given by 



hi ~ TrL = ai + 61 + 62; 

1 
2 



h2 =\ Tri^ ^ -(al + 2ai6i + 2ai62 + 6? + 



2 ' 



and the corresponding Poisson bracket matrices are 






ai 


-ai 







ai 


ai 


-ai 






TTl = 

The EOM obtained from this bi-Hamiltonian system is 

= 7riVft-2 = i^2^hi 





' 




-0162 


71'2 = 


-aihi 










. 0162 











The objective is to determine which tt™ given origin to the previous EOM with Hamiltonian function 

/i-i = -TrL-i = --^ (ai +bi+ 62) ■ 

We want to construct the next Poisson brackets given the master symmetries. The master symmetries Xi 
and X2 were determined in [67], such that: Xi [hn) — {n + 1) /i„+i and X2 (hn) — {n + 2) /i„+2. These 
are given by 



id T 9 2 9 

= '^^^d^l^''^^dbl'''^-'db2^ 

with ri = ai + 3ai62 ; ''2 ^ "^i (^1 + 5ai6i + Abi + 2&162 — b 

s\^bl + 2aibi ; ^ bi {~2al - aibi - 20162 + bj) ; 
Si = bl — ai&2 ; si = b2 {2al + Soi&i + 4ai62 + ^2) • 

Then the next Poisson Brackets are given by property 4 (recall that the Poisson matrices are anti- 
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symmetric) 



7r4 = --j^^X2'^2 

With these results we can easily see that ttsV/i-i does not give the right equations of motion, but 
7r4V/i_i does. So the Hamiltonian with Poisson bracket ir^ will give the same classical behavior than 
the Hamiltonian hi with Poisson bracket 7r2. The hierarchy is given by (the point tts, /iq is not defined) 

• • • — TToV/ia = 7riV/i2 = 7r2V/ii ~ n^Vh^i = • • • . 

All of these pairs generate the same equations of motion and time delay. In particular, the Hamiltonian 
h-i with (quartic) Poisson bracket ir^ will give the same classical behavior than the Hamiltonian hi with 
Poisson bracket 7:2- Since we have found that ( in the limit of well separated magnons) the Hamiltonian 
reduces to 

it will reproduce the correct equations of motion (the same as the limiting case of sine-Gordon solitons) 
as long as we use the quartic Poisson structure 7r4 defined above. 

For a non degenerate Poisson structure, the phase shift is given by the corresponding symplectic form 
(the inverse of the Poisson tensor) . The usual symplectic form is replaced with the following 

(For a degenerate Poisson structure one has to check this more carefully.) Consequently, if two different 
systems have the same equations of motion, the different Poisson Structures give origin to different phase 
shift. 



ai&i(ai + bi) 




-0162(01 + ^2) 
-aifei62 




aibi{{ai 



'hif 




0162) -ai&2(ai(ai -I- fci) + 20162 
-016162(01 + 61 + 62) 




6 Conclusions & Acknowledgments 

We have in the present paper considered the question of an N-particle dynamics that would fully describe 
interacting magnons at the semiclassical level. For this we have specified the interacting hamiltonian as a 
member of the RS hierarchy. This hamiltonian had the property that it reproduces energies of magnons. 
We argued that an alternative symplectic form is needed in order to obtain the correct magnon phase 
shifts. We have considered the question of the modified symplectic form explicitly for the case of well 
separated magnons. In this limit one had the results of relativistic Toda theory where a sequence of 
symplectic forms was already established in the literature. 

Altogether the new hamiltonian and the modified symplectic form are defined so to reproduce correctly 
the original classical equations of motion and therefore the time delay. Regarding future interesting prob- 
lems we mention the following. We have succeeded in establishing the necessary symplectic form in the 
limit of well separated magnons. For establishing an exact result one will have to give the multi-Poisson 
structure for the RS model itself. It is likely that this is definitely possible, although technically (and 
possibly conceptually) challenging. But one can definitely expect that a sequence of symplectic structures 
always follows for an integrable system. Generalization of the present construction to magnons moving on 

"^To determine the Lie derivative of the 2-tensor tt'.' , we use the rule for a general tensor 
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higher spheres [69] is also a challenging task. One would also want to define the dynamics in the periodic 
case appropriate for string motions with finite J [70]. 

One of us (AJ) would like to acknowledge the pleasant hospitality of L. Feher and and the organizers of 
the Oetvos Summer School in Budapest where part of this work was done. We also acknowledge discussions 
with Kewang Jin, Anastasia Volovich and Mark Spradlin on related topics, We are grateful to Jean Avan 
for his reading of the manuscript and for his constructive suggestions. This work was supported in part 
by DOE grant DE-FG02-91ER40688- Task A. 1. Aniceto was also supported in part by POCI 2010 and 
FSE, Portugal, through the fellowship SFRH/BD/14351/2003. 



A Bi-Hamiltonian structure of Relativistic Toda Lattice [65,53,66,67] 

The relativistic Toda lattice is an integrable model, and has a sequence of conserved quantities 

hn = -Tv{L"). 

n 

To this sequence we have a corresponding set of Hamiltonian vector fields xi, Xm where Xi = ['"') hi], 
where tt is some Poisson structure and [, ] is the Schouten bracket (Lie bracket). Also, we have a hierarchy 
of Poisson 2-tensors tti, 7r„ (which are polynomial homogeneous of degree n), and a sequence of master 
symmetries Xi, ...,Xn, which obey the following properties (more information on the properties of these 
entities can be found in [67] and references therein): 

1. the 7r„ tensors are all Poisson structures. The corresponding Poisson brackets are given by 



1,3 



Note that tt*-' arc the matrix elements of the matrix 7r„ corresponding to this 2-tcnsor, and x = 
{x\...,x^) arc the coordinates of the Hilbert space, in our case (ai, ajsi—i, bi, 6jv); 

2. functions /;,„ are in involution with all iTm', 

3. Xn (hm) = {n + m) hm+n, 

4. £x„ (ttto) = [A^ri) ^m] = (m — n — 2) TTn+m, where jCx in the Lie derivative in the direction of the 
vectorX; 

5. [Xn, Xra] = {m - u) Xn+m] 

6. 

T^n^hm = TTn-lVhm+l, (29) 

where 7r„ now denotes the Poisson matrix of the tensor 7r„, and V = (gfi) •••) 

It is known [51] that once our system is bi-Hamiltonian, which means that we can identify two Hamiltonian 
functions hi , /12 and two compatible Poisson tensors tti , 712 satisfying 

7riV/i2 = 7r2V/ii, 

then we can find the whole hierarchy stated above, and the equations of motion are just given by 

— = ■7riV/i2 = 7r2V/ii = TToV/is = • • • . (30) 

All of these properties are valid for m, n > but can be seen to generalize to negative values as well. 

In the case one of the Poisson brackets is symplectic, then one can find a recursion operator which can 
then be applied to the initial symplectic bracket to determine the hierarchy [64,53]. In our case, we will 
sec that in the (a, b) coordinates the Poisson brackets are not symplectic (not even non degenerate, as we 
don't have the same number of a's and b's) and it is non-trivial to find an extra Poisson bracket in the 
{p, q) coordinates apart from the symplectic one, in order to form a bi-Hamiltonian system [66] . In this 
case we will turn to the problem of finding master symmetries that allow us to construct the hierarchy of 
Poisson structures. 
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